Ž .
where R is a noetherian local ring, M is a finitely generated R-module i and I an ideal of R, for 1 F i F n, and I q иии qI q Ann M i 1 n 1 q иии qAnn M is primary to the maximal ideal of R.
n Special cases of these functions are interesting in their own right; see, for example, the discussion below of Hilbert᎐Kunz functions. It is also hoped that a better understanding of these functions may lead to insights into the theory of intersection multiplicities; for example, it seems reasonable to attempt to calculate the intersection multiplicity of varieties defined by ideals I and I using only properties of the function 1 2 f a , a s length is a finitely generated R-algebra; or Ž . ww xx 3 n is arbitrary, M s иии s M s R, k s 0, R s K x , . . . , x 1 n 1 d Ž . K any field , and I , . . . , I are generated by monomials.
1 n
BASIC DEFINITIONS
All rings are commutative, and local rings are in addition assumed to be Noetherian. This defines a functor, covariant in each of the n variables, which specializes for n s 2 to the usual Tor. It shares most of the basic properties with the usual 2-variable Tor; for example.
Ž .
1 A short exact sequence in any of the variables gives the usual long exact sequence.
2 Any element of R that kills one of the M also kills length, since they are finitely generated modules that are killed by the ideal JЈ s I a 1 q иии qI a n q Ann M q иии qAnn M , and hence are finitely 1 n 1 n Ž generated modules over RrJЈ, which has finite length. This is because JЈ has the same radical as the ideal J above, and RrJ is assumed to be finite . length.
In this paper, the ring R will always be local, and the modules M , . . . , M 1 n will almost always be equal to R. We conclude this section with some examples. 
w x 4 In 7 , Contessa considers the generalization of the previous situation to the case of arbitrary k. She is able to use results about the higher Tors to determine the form of Hilbert᎐Kunz functions of modules over regular rings of dimension at most two.
QUASIPOLYNOMIAL FUNCTIONS
Given an ‫ގ‬ n -graded module M having finite length in each graded piece, there is a natural notion of a Hilbert function ‫ގ‬ n ª ‫ގ‬ given by a , . . . , a ¬ length M .
Ž .
For n s 1 this is the usual Hilbert function. We will see that certain n Ž ‫ގ‬ -graded algebraic objects including, for example, finitely generated . modules over finitely generated algebras over fields have Hilbert functions which have rational generating functions. In fact, these Hilbert functions are quasipolynomial, a stronger condition. This fact will be used to prove that in some cases the functions f are also quasipolynomial. Most of the results of this section are known, though not perhaps in the w x form we need them; see, for example, 14 . Most of the functions considered here are defined on ‫ގ‬ n . However, it will be convenient to identify such functions with functions defined on all of ‫ޚ‬ n that are zero for elements of ‫ޚ‬ n not in ‫ގ‬ n . The cumulative degree will turn out to be the more useful number for our purposes. It will also be convenient to allow simple quasipolynomial functions of cumulative degree 0, defined as follows. 
, and it is easy to verify that these coefficients are just the binomial coefficients given in the description of f above.
Ž
. DEFINITION 2.9. Given a polynomial P x , . . . , x , define Supp P, the 1 n support of P, to be the set of all ␣ g ‫ގ‬ n such that the coefficient of x ␣ in P is nonzero. 
with each c g ‫ޚ‬ a constant. Then f is the simple quasipolynomial function of
Proof. The generating function F can be written as the sum of the fractions
The result then follows from the previous lemma. 
Since f is simple quasipolynomial, we know that
where c is periodic with respect to ␣ , . . . , ␣ and is identi- The next definition, and the following theorem, make it possible to reduce the proofs of theorems about quasipolynomial functions defined on ‫ގ‬ n to the n s 1 case. where by a we mean the sum of the coordinates of the vector ␣ . By Ý c x
where the c 's are constants not depending on x. Write p x for the
Since f has cumulative degree d, p is a polynomial of degree d y e. To prove that f * has cumulative degree at least d, it will suffice to show that f * is bounded below by a polynomial of degree d y 1. 
1 n n Ž . Let : ‫ޒ‬ ª ‫ޒ‬ be the mapping defined by a , . . . , a s Ý a , and
is zero is a proper dy e y1 Ž . algebraic subset of b , so one can find a positive real number c and 
. where the notation ࠻ ⌬ l ⌳ is used to denote the number of
Therefore it suffices to show that the cardinality of the set a⌬ l ⌳ is bounded below by a polynomial in a of degree e y 1.
Note that the intersection of a⌬ with the ‫ޑ‬ -span of the ␣ 's is dense 
Proof. Immediate from the definition.
The following lemmas provide a few examples of quasipolynomial functions. 
Ž .
Proof. A simple quasipolynomial function f ␣ on ␤, 1 is a function that is zero for ␣ -␤ and that agrees for ␣ G ␤ with a polynomial with coefficients that are periodic with respect to 1 and therefore are constant. Such a function is clearly eventually polynomial, as is the sum of such functions.
For the converse, let f Ј be the polynomial function that f eventually agrees with. A polynomial of degree d y 1 is simple quasipolynomial of degree d. The difference between f and f Ј is then nonzero for only finitely many values of ‫ގ‬ and is accounted for by the previous lemma.
Let ⑀ , . . . , ⑀ g ‫ގ‬ n be the standard basis for ‫ގ‬ n , so that ⑀ is the vector
having a one in the ith coordinate and zeros elsewhere. Ž . In the following, wherever we write ␣ G ␤, for ␣ s a , . . . , a and
Here we take a polynomial of negati¨e degree to . be identically zero. Proof . A simple quasipolynomial function on a proper subset of e , . . . , e is easily seen to be eventually zero, whereas a simple quasipoly-1 n nomial function on ⑀ , . . . , ⑀ agrees eventually with a polynomial with 1 n constant coefficients, as in the previous proof. The sum of such functions is, therefore, eventually a polynomial, and the statement about the degree follows from the definition of cumulative degree.
The converse to this theorem is false; for example, if f has non-polynomial behavior on along a line extending parallel to one of the coordinate axes, then f is not quasipolynomial, even though there may exist an ␣ Ј Ž . such that if ␣ agrees with a polynomial for all ␣ G ␣ Ј. 
F can be rewritten in the form
with PЈ a new polynomial. Next write
and note that
Ž ␥ . Ž which shows that 1 y x is contained in the ideal generated by 1 y m 1 . 
‫.ޚ‬ Then f is quasipolynomial iff F can be written in the form
Proof. If F is in the given form, then we can use repeated applications of the previous lemma to rewrite F as the sum of terms each of which is in the form specified in Lemma 2. 22 . Thus f is the sum of quasipolynomial functions and must itself be quasipolynomial.
Conversely, if f is quasipolynomial, then f can be written as the sum of simple quasipolynomial functions. The form of the generating function of each of these simple quasipolynomial functions is given by Lemma 2.12, and the sum of such functions can clearly be written in the form required. 
Proof.
The previous theorem allows us to reduce to the case n s 1. A quasipolynomial function of degree 1 is eventually equal to a polynomial with periodic coefficients, and the result is trivial for such functions.
Our eventual goal is to show that the Hilbert functions of certain ‫ގ‬ n -graded algebraic objects are quasipolynomial functions. The next theorem will allow us to make arguments that use induction on the degree of those algebraic objects. THEOREM 2.27. Let f : ‫ގ‬ n ª ‫,ޚ‬ g: ‫ގ‬ n ª ‫,ޚ‬ and ␤ g ‫ގ‬ n be such that where F* and G* are the generating functions associated with, respectively, f * and g*. Thus by the previous theorem and by Theorem 2.25 we can assume without loss of generality that n s 1. It is not hard to see that in the case n s 1 a quasipolynomial function g agrees eventually with a polynomial with periodic coefficients. Such a function is eventually bounded below by a function with generating function of the form
where c a positive real number and d is the degree of g. Therefore f is bounded below by a function with generating function
and it follows that f has degree d q 1.
‫ގ‬ n -GRADED ALGEBRAS AND MODULES
The quasipolynomial functions introduced in the previous section are useful because they occur as the Hilbert functions of certain ‫ގ‬ n -graded algebraic objects. Now assume that d ) 0 and that the theorem is proved for all smaller d. Because the sum of quasipolynomial functions is quasipolynomial, we can take a primary filtration of M and assume without loss of generality that Ž . M is P-primary for some P g Spec S .
We can map an ‫ގ‬ n -graded polynomial ring onto S and work over the polynomial ring instead of over S. So we may as well assume S is w x Ž . Ž .
Since s is a non-zero divisor on M, Mrs M has dimension d y 1. A few examples might be helpful.
Ž .
1 If M is a finitely generated module over an ‫-ގ‬graded algebra S that is generated by elements of degree 1, then the Hilbert function f is M Ä 4 quasipolynomial on 1 and hence is eventually polynomial, as expected. 

3 More generally, let M be a finitely generated module over an ‫ގ‬ n -graded algebra S, and assume every algebra-generator of S over S has 0 degree e , where e is the vector in ‫ގ‬ n that is one in the ith position but generating function of the Hilbert function f is
and f is quasipolynomial of degree d. Also for the twisted module
, the corresponding generating func-
It is not hard to see that any quasipolynomial function with a generating function of the form P x Ž .
i Ž . such that P x has nonnegative coefficients can be written as the sum of such functions. Direct sums of modules have Hilbert functions that are the sums of the Hilbert functions of the individual modules. In this way, any quasipolynomial function of this form can be realized as the Hilbert function of some finitely generated module over such an S. In fact, this identifies exactly the set of all functions that arise as the Hilbert functions of ‫ގ‬ n -graded modules. with T and N as before. It is clear that the hypotheses of the theorem are w x still satisfied, and T is generated over S t M by r y 1 elements, so by 1 w x assumption the Hilbert function of NrS t M is quasipolynomial. Simi-1 w x larly, apply the theorem with S and M as before, but T replaced by S t 1 w x w x and N by S t M, and the conclusion is that S t MrM also has a w
This module has the same Hilbert series as NrM; to see this, note that the quotient modules that we are summing are just successive quotients of modules in the filtration
. Note also that t t M q иии qM ; t Mq иии qM , so multiplication by t induces a well-defined surjection
. . , tm for the images of these generators in tMrM. An arbitrary
can be written t Ý s tm , with s g S. An arbitrary element of NЈ can be j j j j written as a finite sum of such elements, so it follows that NЈ is generated over T by m , . . . , m , and hence that NЈ is finitely generated over T.
k
Any element of NЈ is killed by a power of m because NЈ is a direct sum of subquotients of NrM, which has the property that any element is killed by a power of m. Since NЈ is a T-module, it must also be the case that any element of NЈ is killed by a power of mT. Because NЈ is finitely generated, it follows that NЈ is killed by some fixed power of mT and Ž . j hence is a finitely generated module over Tr mT for some j. The fact that NЈ, and hence NrM, has a quasipolynomial Hilbert function follows now from the previous theorem. Note also that Ann NЈ > Ann N, so
and NrM has a quasipolynomial Hilbert function of degree at most dim N.
Now we apply the results of the previous section to the problem of describing the functions f a , . . . , a s length Tor M rI
Let I be any ideal of a ring R, and let M be an R-module. The short exact sequence 0 ª I ª R ª RrI ª 0 gives rise to a long exact sequence
for k G 3, by two applications of the above isomorphisms. Since direct sums commute with Tor, there is also an isomorphism
for k G 3. Let t and t be indeterminates; then we can replace [
by the algebra R I t s [ I t . This allows us to impose the struc-
ture of an algebra on [
. Let I and I be ideals of a ring R. Let S s R I, t s
can be gi¨en the structure of ‫ގ‬ 2 -graded, finitely generated S m S -modules,
Proof. For k ) 2, we know that this direct sum is isomorphic to R Ž . resolution of S by finitely generated projective T -modules,
Since T is a free R-module, this resolution is also a resolution for S over i i R Ž . R. Therefore Tor S , S is the homology of the total complex
The R-modules in this complex are easily seen to also be finitely generated T m T -modules, and the maps T m T -maps. Therefore the homology 1 R 2 1 2 R Ž . modules Tor S , S are also finitely generated modules over T m T . In
addition, note that these modules must be killed by the kernels of the R Ž . maps T ª S ; thus, each Tor S , S is also a finitely generated S m S -
For k s 2, apply direct sums to the end of the long exact sequence of Ž .
Eq. 4.1 above to get
[ 2 1
a , a G0 Ž .
is quasipolynomial of degree at most 2 d. Ž .
is polynomial of degree at most 2 d y 2.
Note that it is possible that the Tor modules could have dimension less than the sums of the analytic spreads of the two ideals; for example, if I 1 and I are generated by disjoint parts of a system of parameters, then the 2 higher Tor's are all zero. However, I know of no examples showing that nonzero polynomials of smaller degree may occur.
The next goal is to establish some results about the functions f and f .
1 0
As far as we know, the following may be true. is quasipolynomial of degree at most dim R q 2.
Proof. Let T be the doubly graded R-algebra described above. By assumption it is finitely generated. Let S be the doubly graded R algebra w x
Since S ; T, T is also an S-algebra. Now observe that Also, dim T s height M. Let P be a minimal prime such that dim TrP s dim T, and let p s P l R. Apply the dimension formula to get In particular, given an ideal P ; R such that the algebra
[ иии is not finitely generated, it is possible to find a f g R such that the ideals Ž . f and P do not have finite intersection algebra. To do this, choose f so Ž a a .
Ž a.
that P : f s P , for all a.
LEMMA 5. 5 . If R regular and P ; R prime, then there exists f g R such Ž a a .
that P : f s P for all a.
Proof. Since R is a regular local ring, so is R . The associated graded P Ž . ring of a regular local ring is a polynomial ring, so, in particular, gr R
gr R is a domain. Let I be the kernel of the natural map
Then R y P Is 0, and, since I is finitely P P Ž generated, there exists f g R y P such that fI s 0. We are implicitly Ž . identifying elements in R with their images in gr R via the natural map P Ž . . ring homomorphism. So the symbolic power is finitely generated, since it can be written as a homomorphic image of the intersection algebra, which we assumed to be finitely generated.
The examples in the papers cited above give rise in this way to a number of quite concrete examples of pairs of ideals with non-finite intersection algebras. Studying the functions f that arise in such examples would be 1 an interesting subject for further research. Let I and I be ideals of R such that I q I is m-primary, and let is quasipolynomial of degree dim R q 2.
Proof. By the previous theorems, we already know that f is quasipolyi nomial for i ) 0, and we know that the alternating sum s f y f q f is quasipolynomial, then its degree is dim R q 2. 
